The history of application of optical solitons for high speed communications presents an interesting example of how an abstract mathematical concept has been put into practical use. The historical development introduced in this manuscript is divided into five stages: ͑1͒ historical background and the discovery of the optical soliton, ͑2͒ the idea and demonstration of all optical soliton transmission systems, ͑3͒ identification of possible problems, ͑4͒ demonstration of soliton control and ͑5͒ discovery of dispersion managed optical solitons ͑DMS͒. Although there are many interesting related subjects such as modulational instability, dark solitons, and spatial solitons, the manuscript focuses only on the subject of primarily theoretical developments of soliton based communications in fibers. © 2000 American Institute of Physics. ͓S1054-1500͑00͒00803-X͔ Optical solitons propagate in the form of light wave envelopes in optical fibers. The optical soliton is formed by a balance of the group velocity dispersion and the nonlinear change of the index of refraction "Kerr effect… of a fiber. Although the nonlinear effect is extremely weak, its cumulative effect becomes significant since the communication distance measured by the light wavelength is extremely large. This manuscript reviews the history of attempts to use optical solitons for ultra-high speed communications and progress made to their implementation for practical communication systems. The history presents an interesting test case of how an abstract mathematical concept has been brought to a practical use.
Optical solitons propagate in the form of light wave envelopes in optical fibers. The optical soliton is formed by a balance of the group velocity dispersion and the nonlinear change of the index of refraction "Kerr effect… of a fiber. Although the nonlinear effect is extremely weak, its cumulative effect becomes significant since the communication distance measured by the light wavelength is extremely large. This manuscript reviews the history of attempts to use optical solitons for ultra-high speed communications and progress made to their implementation for practical communication systems. The history presents an interesting test case of how an abstract mathematical concept has been brought to a practical use.
I. HISTORICAL BACKGROUND AND THE DISCOVERY OF OPTICAL SOLITON
This manuscript describes the historical development of attempts to use optical solitons in fibers for ultra-high speed communications.
A. Historical background
A soliton was first observed by Russell as a water surface wave in 1844. 1 Korteweg and de Vries in 1895 derived ͑known as the KdV equation͒ a model equation describing a far-field property of the surface wave in the lowest order of dispersion and nonlinearity. 2 When the equation was numerically solved in a periodic boundary condition by Zabusky and Kruskal in 1965 a set of solitary waves was found to emerge and stably pass each other. They named these solitary waves solitons because of their stability. 3 The term ''soliton'' was justified when the KdV equation was solved analytically by means of inverse scattering transform ͑IST͒ and the solution was described by a set of solitons. 4 Solitons are regarded as a fundamental unit of mode in nonlinear dispersive medium and play a role similar to the Fourier mode in a linear medium. In particular, a soliton being identified as an eigenvalue in IST supports its particle ͑Fermion͒ concept.
Meanwhile, self-focusing in a Kerr medium was demonstrated and a spatially localized solution analogous to a soliton was found to emerge by the balance of the cubic nonlinearity and refraction. 5 The model equation, called the nonlinear Schrödinger equation, was later found to be integrable by Zakharov and Shabat, 6 also by means of the inverse scattering transform, and the solution is given by a set of solitons and dispersive waves. The theory warrants the stability of the nonlinear Schrödinger solitons. Theory of inverse scattering transform will be presented in other articles in this special issue.
B. Discovery of the optical soliton
Existence of optical solitons in lossless fibers was theoretically demonstrated first by Hasegawa and Tappert in 1973 ; bright ͑dark͒ solitons appear in an anomalous ͑normal͒ dispersion regime. 7, 8 The existence of an optical soliton in fibers is made by deriving the evolution equation for the complex light wave envelope E(z,t) ͑or the slowly varying Fourier amplitude͒ by retaining the lowest order of the group dispersion ͑variation of the group velocity as a function of the light wave frequency͒ and the nonlinearity, which, for a glass fiber, is cubic and originates from the Kerr effect. The most convenient way to derive the envelope equation is to Taylor expand the wave number k(,͉E͉ 2 ), around the carrier frequency 0 and the electric field intensity ͉E͉ 2 ,
͑1.1͒
and to replace kϪk 0 by the operator i‫ץ/ץ‬Z and Ϫ 0 by Ϫi‫ץ/ץ‬t, operating on the electric field envelope. The resulting equation reads
Thus the one soliton solution of the nonlinear Schrödinger equation ͑1.6͒ is given by a sech function which is characterized by four parameters, the amplitude ͑also the pulse width͒, the frequency ͑also the pulse speed͒, time position T 0 and the phase . In particular, we note that the soliton speed is a parameter independent of the amplitude, unlike the case of the Korteweg-deVries soliton. This fact is very important for the use of an optical soliton as a digital signal.
The parameters and are obtained as discrete eigenvalue͑s͒ of the Lax pair operator 10 with the potential given by the initial value of q(0,T). 6 This means that a set of soliton solutions emerges from an arbitrary localized initial pulse at the input of the fiber.
The paper 7 by Tappert and Hasegawa in Applied Physics was written as an extension of a work on the study of the evolution of the cyclotron wave envelope in plasmas. Although the cyclotron wave work has lead nowhere, the optical soliton work has had a large impact not only to the soliton community, but also to the optical communication community. However, it took some decades before the impact was recognized. Originally, L. F. Mollenauer and his colleagues at Bell Laboratories were the only group who showed interest in the work. After many ingenious efforts, they succeeded in observing the optical soliton in a fiber, seven years after the publication of the Applied Physics paper. 11 But few people expected the importance of solitons in practical use because there were erroneous beliefs that anything ''nonlinear'' would be too complicated and take enormous power.
An important factor that led to the success of Mollenauer et al.'s experiment was the soliton source based on the color centered laser that Mollenauer had to construct for this purpose. Currently a conventional DFB ͑distributed feed back͒ semiconductor laser is commonly used for soliton sources; at the time of Mollenauer's first experiment, the color centered laser was the only choice and only Mollenauer could do the experiment.
II. IDEA AND DEMONSTRATION OF ALL-OPTICAL SOLITON TRANSMISSION SYSTEMS

A. All-optical soliton transmission
Since solitons do not suffer distortion from nonlinearity and dispersion, which are inherent in fibers, the natural next step is to construct an all-optical transmission system in which fiber loss is compensated by amplification. 12 In fact, the optical transmission systems prior to 1991 required repeaters periodically installed in transmission lines to regenerate optical pulses which have been distorted by fiber dispersion and loss. A repeater consists of a light detector and light pulse generators. Consequently, it is the most expensive unit in a transmission system and also the bottleneck to increase in the transmission speed.
Repeaterless transmission is a very innovative concept that few people believed to be possible. In the absence of realistic optical amplifiers, Hasegawa 13 in 1983 proposed to use the Raman gain of the fiber itself. The idea was used in the first long distance all-optical transmission experiment by Mollenauer and Smith 14 in 1988. There is an interesting episode related to this experiment. Arno Penzias, a Nobel Laureate, then Vice President for Research at Bell Laboratories, apologized to staff members at the New Years meeting for suggesting Mollenauer switch his work because he thought, erroneously, optical soliton were useless because of the power requirements. However, Mollenauer, defying Arno's suggestion, carried on his experiment and finally succeeded in the 4000 km repeaterless transmission experiment. This achievement also lead to the concept of contemporary repeaterless optical transmission systems, with and without solitons. This experimental result has attracted serious interest in the optical communication community. In particular, the invention of erbium doped fiber amplifiers ͑EDFA͒ have enhanced the concept of all-optical transmission systems to more realistic levels as initiated by Nakazawa et al. 15 in the first reshaping experiment of solitons.
B. Concept of the guiding center soliton
In experiments of long distance soliton transmission with loss compensated periodically by EDFAS, it was recognized that the initial soliton amplitude had to provide enough nonlinearity to overcompensate for fiber loss. [16] [17] [18] In this case, however, the pulse shape at an arbitrary position along the fiber deviates from a fundamental soliton. Hasegawa and Kodama, using the Lie transformation, succeeded in 1990 19 in demonstrating that the properly transformed amplitude does satisfy the ideal nonlinear Schrödinger equation to order (z a /z 0 ) 2 , where z a and z 0 are the amplifier spacing and dispersion distance, respectively. The transformed amplitude pulse was called ''the guiding center soliton.'' The guiding center soliton warrants the integrability of periodically amplified soliton transmission systems. In a real transmission system, the envelope equation ͑1.6͒ becomes inhomogeneous because of possible variations in the fiber dispersion d(Z), the fiber loss ⌫ which designates loss rate per a dispersion distance z 0 , and the periodic amplification ␣ describing the amplifier gain. These effects in Eq. ͑1.6͒ modify the envelope equation for a practical fiber to
͑2.1͒
Here d is the dispersion normalized to unity, Z a is the amplifier spacing normalized by the dispersion distance z 0 , and the choice of ␣ϭexp(⌫Z a )Ϫ1 gives the proper compensation of the fiber loss. Equation ͑2.1͒ may be transformed to a Hamiltonian form by introducing a new amplitude u through
where a(Z) represents the spatially oscillating amplitude given by
for nZ a ϽZϽ(nϩ1)Z a and
The new amplitude u then satisfies
Although Eq. ͑2.5͒ has a Hamiltonian structure, it is not integrable because of the inhomogeneity ͑Z dependent coefficient͒. For most cases of practical interest, we are interested in the behavior of q ͑or u͒ over a distance much longer than Z a or the periodicity of the dispersion. Such a behavior may be obtained as a response of u averaged over d and a 2 in Eq. ͑2.5͒, which results in the path-averaged soliton. However, taking a simple average of d and a 2 fails to provide the proper response because of the correlations with the variation of u. The Lie transformation to be shown in Eq. ͑2.6͒ allows us to systematically derive the equation for the transformed averaged amplitude v on the order of the small parameter
In Eq. ͑2.6͒, the coefficient of the perturbation ␦ 2 of order (Z a 2 ) is given by
where
and ͗ f ͘ represents the weighted path-average of a function f (Z) over a period, Z a , defined by
The vector fields X 0A and X 0D in Eq. ͑2.6͒ are defined as
and
is the Lie bracket with X•ٌ, the infinite dimensional directional derivative,
͑2.12͒
The transformed amplitude v is related to u though the generating function ⌽,
This procedure shows that when ␦ 2 is small, u and thus q are expressible by the guiding center soliton solutions of v: and is a free parameter that designates the soliton amplitude. The v solution including the order ␦ 2 may be called the guiding center soliton, while the real waveform q which is a dressed form of v, may be called a dressed soliton.
III. IDENTIFICATION OF POSSIBLE PROBLEMS
A. The Gordon-Haus effect and soliton timing jitter
The concept of all-optical soliton transmission by periodic amplifications has been challenged by several authors. Gordon and Haus 20 predicted that the amplifier noise would induce frequency modulation and result in time jitter in soliton position. The amplifier noise normally deteriorates the signal-to-noise ratio for a linear signal due to the superposition of noise with the signal. For soliton transmission, this problem is generally not serious because the signal amplitude can be made large with a proper choice of the fiber dispersion. However, the velocity modulation induced by the frequency modulation by the amplifier noise results in jitter in arrival times of the soliton pulses and increases bit-error rate. The mean square value of the arriving jitter ͗T 0
where G is the amplifier gain, is the soliton amplitude, which is the inverse of the pulse width, and N 0 is the number of photons per unit energy. Dianov et al. 21 predicted that side scattering of phonons would also induce timing jitter. The soliton pulse deforms the fiber due to the electrostriction effect and excites phonons. Dianov et al. claim that these phonons, when reflected from the fiber edge, induce velocity modulation of succeeding solitons due to the change of index of refraction of the fiber.
B. Interaction between two solitons
Chu and Desem, 22 Blow and Doran, 23 as well as Hermansson and Yevick 24 have published papers on the effects of interactions between neighboring solitons. Since a soliton solution ideally allows only one soliton in ϪϱϽTϽϱ, an adjacent soliton modifies the ideal soliton solution. This modification induces an interactive force between two neighboring solitons. The variation of relative time spacing ⌬T between two solitons is given by the relative frequency difference ⌬ induced by the interaction d⌬T dZ ϭϪ⌬.
͑3.2͒
Here ⌬ is obtained from soliton perturbation theory,
where is the amplitudes of two adjacent solitons and is the phase difference between the two solitons. Equations ͑3.2͒ and ͑3.3͒ indicate that if the phase of the two solitons is the same ͑opposite͒, two solitons are attracted to ͑repelled from͒ each other, forming a bound ͑separate͒ state; i.e., two solitons eventually collide with each other ͑separate͒. In order to avoid the collision, two adjacent solitons should be separated enough ͑տ six times pulse width in time͒. This requirement is a severe drawback for soliton based communications because it requires a bandwidth at least three times wider than linear systems where the pulse separation can be twice or less than the pulse width. The single mode fiber is essential in the soliton pulse transmission. However, two orthogonal polarizations of the single mode exhibit polarization mode dispersion ͑PMD͒, thereby inducing splitting of a pulse. It was shown, however, that if the polarization shifts randomly within a distance much shorter than the dispersion distance, this effect may be averaged out and the ideal nonlinear Schrödinger equation can be recovered. 25 The relatively large intensity of a soliton helps to confine photons having two orthogonal polarizations into one pulse, owing to the Kerr effect 26 even in the presence of the PMD. Thus solitons are more robust against PMD than a linear pulse.
In addition, collisions between solitons in different channels of a wavelength division multiplexed ͑WDM͒ systems 27 at the input 28 as well as in amplifiers 29 have been predicted to cause time position shifts. When two solitons are placed at the same time location such as at the input of a fiber, the eigenvalue changes and results in formation of solitons having different amplitude and velocities. This can happen at the input of a WDM system. The amount of the frequency shift ⌬ 2 depends on the initial pulse separation T 0 and the frequency separation ⌬B of two WDM channels as given by
͑3.4͒
where A 0 is the amplitude of the two solitons. ⌬B⌬ 2 is plotted in Fig. 1 , where ⌬B and ⌬ 2 are normalized to the spectral width of the soliton. For example if we assume a channel separation of three times spectral width, the maxi-mum frequency shift ⌬ 2 is approximately half the spectral width and it reduces to a negligible value when T 0 տ3.
C. Effects of higher order terms
Higher order terms in linear and nonlinear dispersion were expected to deform solitons and shift soliton velocities. 9 Higher order terms which appear as corrections to the nonlinear Schrödinger equation model of Eq. ͑1.4͒ consist of four terms. The first is the linear higher order dispersion, which is proportional to (Ϫkٞ/6) ‫ץ(‬ 3 E/‫ץ‬ 3 ). This term produces initial shift in the soliton velocity in reaction to the radiation of dispersive waves. 9 The second comes from the Raman gain, which is proportional to the frequency difference between the pump and Stokes waves. The Raman effect cascades the soliton spectrum toward lower frequencies and decelerates the soliton speed. This is called the self-induced Raman shift and is given by a term R E‫͉ץ‬E͉ 2 /‫ץ‬T, where R is proportional to the incremental Raman gain, ‫ץ‬g R /‫,⌬ץ‬g R being the Raman gain and ⌬ the frequency separation between the pump and the stokes wave. [30] [31] [32] The third is the nonlinear dispersion, which comes from the frequency dependent Kerr coefficient n 2 and is given by (i‫ץ‬n 2 /‫/()ץ‬c)(‫͉ץ‬E͉ 2 E/‫ץ‬T). 9 This term produces a shock type deformation of a soliton. The fourth comes from the frequency dependent fiber loss. The fiber loss is minimal near the wavelength of 1.55 m. However, at Ͼ1.55 m(Ͻ1.55 m),‫ץ/⌫ץ‬Ͻ0(Ͼ0). This produces a term ‫.)‪T‬ץ/‪E‬ץ()ץ/⌫ץ(‬ The effect of this term has not been studied to the author's knowledge.
Attempts to solve problems listed in Secs. III A-C have since been made and significant progress has been achieved.
IV. DEMONSTRATION OF SOLITON CONTROL
A. Concept of soliton control
Most of the problems stated in Sec. III can either be reduced or solved by means of soliton control or by dispersion management. Soliton control is based on the robustness of solitons. Thus, the control of the soliton characteristics, amplitude ͑or width͒, time position, velocity ͑or frequency͒ and phase is sufficient. Hence, while the original wave equation has infinite dimensional parameters, control of finite dimensional parameters is sufficient to control the soliton transmission system. This fact presents an important merit of a soliton system. Control of solitons may be classified to passive and active means. Frequency filters inserted periodically in the transmission systems were found to be effective in reducing soliton time jitter. 33, 34 Control of the amplifier gain in synchronization with the soliton timing ͑coupled with a filter͒ is effective in controlling the timing jitter and also in eliminating the accumulation of amplifier noise.
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B. Soliton perturbation theory
Control of soliton transmission can be described by a perturbation term i͓q,q i ͔ on the nonlinear Schrödinger equation, i.e.,
Since a soliton can be described by four parameters, the amplitude , the frequency/velocity shift , the phase , and the position T 0 , behavior of a soliton in the presence of the perturbation may be described by a set of evolution equations of these four parameters in Z. The evolution equations may be obtained by the perturbation method of conserved quantities of the nonlinear Schrödinger equation, such as energy and momentum, perturbed inverse scattering transform, and/or the Lagrangian method. For practical cases, all of these methods give the same result. 36 Since the Lagrangian method is also applicable to the nonintegral cases, such as the dispersion managed system, we use this method to demonstrate the soliton control scheme. 37 We first note that the nonlinear Schrödinger equation can be derived from the variation of the Lagrangian density, L 
For example, if we take r j ϭ, Eq. ͑4.8͒ reads
͑4.10͒
Similarly by taking rϭ, T 0 and , we have
͑4.13͒
In the presence of perturbation the variational equation is modified in accordance with Eq. ͑4.5͒. In order to accommodate the modification in the evolution equation ͑sometimes called the dynamical equation͒, we write the derivatives of Lagrangian L in Eqs. ͑4.10͒-͑4.13͒ in the form of a chainrule, for example, for r j ,
The functional derivation of L͓q 0 ,q 0 *͔ can be obtained from
namely, by inserting Eqs. ͑4.15͒ and ͑4.16͒ into ͑4.5͒, we have ␦L ␦q 0 * ͓q 0 ,q 0 *͔ϭiR͓q 0 ,q 0 *͔.
͑4.17͒
By incorporating the perturbation term in Eq. ͑4.14͒ one can rederive the evolution equations for the soliton parameters.
The resultant equations read 
C. Soliton control by frequency filters
The control of the timing jitter induced by the GordonHaus effect and/or interactions with solitons in other WDM channels by means of frequency filters can be demonstrated by the use of perturbed equations ͑4.20͒ and ͑4.21͒. If we designate the filter strength by ␤ and the excess gain to compensate for the energy loss by the filter by ␦, the perturbation term R in Eq. ͑4.1͒ reads
͑4.23͒
The evolution equations for soliton amplitude and the velocity are then given by Eqs. ͑4.20͒ and ͑4.21͒ as
Equations ͑4.24͒ and ͑4.25͒ can be reduced to a gradient flow by introducing new variables, xϭͱ3/2, yϭ and s ϭ2␤z/3,
with the potential function (x,y) given by
͑4.28͒ Figure 2 shows the flow lines ͑solid curves with arrows͒ and the equipotential lines ͑dashed curves͒ for the case with ␤ ϭ3␦. The flow has a sink at ϭ1 and ϭ0. This indicates solitons having an initial range of amplitudes, and velocities ͑or frequency shifts͒ emerge as solitons with an identical amplitude and a velocity given by the value at the prescribed sink after repeated amplifications. This process may be interpreted as soliton cooling. Thus, the frequency dependent gain makes the prescribed soliton an attractor, and this property of a soliton can be used to overcome the Gordon-Haus effect.
The fact that the soliton parameters, the amplitude and the velocity of the one soliton solution of the original nonlinear Schrödinger equation in fact obey the dynamical equation given by Eqs. ͑4.24͒ and ͑4.25͒ has been confirmed by numerical simulations. 36 The agreement is a consequence of the fact that these soliton parameters behave like adiabatic invariants near the fixed point in the infinite dimensional space.
This type of adiabatic behavior of a soliton results from the soliton property. Suppose the amplitude increases. From the soliton property it accompanies the decrease of the pulse width, thus the increase of the spectral width. The increased spectral width is cut off by the frequency filter, which brings back the amplitude to the original fixed point. However, the perturbation given by ͑4.24͒ and ͑4.25͒ does not provide stable behavior on the infinite dimensional solution itself. For example, the linear wave having a ϭ0 component suffers no effect of the filter and sees the excess gain ␦ only.
Thus the same perturbation leads to unstable growth of the linear wave which eventually destroy the soliton itself.
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D. Refinement of soliton control
Mollenauer et al. have come up with an idea to avoid the growth of the linear wave at ϭ0 whereby the central frequency of the filter is gradually shifted in the direction of transmission. 38 In this scheme the linear wave which grows eventually falls in the dissipative region of the filter and can be eliminated while the soliton central frequency is shifted, following the central frequency of the filter, so that the jitter control mechanism still operates. They have used this sliding frequency technique in their first experiment of all optical cross-oceanic distance propagation of solitons. 38 The idea of sliding frequency filters also works because of the adiabatic invariant property of the soliton parameters. As the soliton parameters are adiabatically moved by the slow change of the filter central frequency, linear waves which initially grow near ϭ0 eventually fall into the negative gain region of the sliding filter and are dissipated. This example also reveals an astonishing property of a soliton which defies common sense in information theory. That is, a signal carried by solitons can be separated from noise which is mixed in the same frequency components as the signal.
Influenced by the success of the soliton control concept, several other powerful ideas for control schemes have been proposed and demonstrated successfully. Nakazawa et al. have demonstrated that practically unlimited distance of propagation can be achieved with a combination of temporal gain modulation and filters. 35 Smith et al., 39 as well as Wabnitz, 40 have demonstrated the effectiveness of phase modulation control. Active controls were also shown to be possible by means of injection of light waves in the fiber by Grigoryan et al. 41 and Kumar and Hasegawa. 42 In particular, the phase control scheme provides stable control even when asynchronous control is provided.
V. DISCOVERY OF DISPERSION MANAGED OPTICAL SOLITONS
A. Concept of dispersion management
Attempts to solve many of the intrinsic problems of optical soliton transmission by proper management ͑or control͒ of the fiber group dispersion have emerged in the latter half of the 1990s.
Forysiak et al. 43 and Hasegawa et al. 44 have proposed adiabatic dispersion management by changing dispersion in proportion to the soliton power in order to reduce dispersive wave radiation and collision induced frequency shift ͑in WDM systems͒, respectively, at the amplifier. An example of such an adiabatic dispersion map is shown in Fig. 3 .
Mollenauer et al. 45 have succeeded in transmission of soliton based wavelength division multiplexing at 10 Gbit/s in seven channels by the use of the adiabatic dispersion map. Since the adiabatic dispersion map minimizes the imbalance between nonlinearity and dispersion, the transmitted pulse behaves almost as an ideal soliton in a fiber with the loss periodically compensated by amplifiers.
In contrast, Suzuki et al. 46 used a nonadiabatic map to nullify the accumulated dispersion in a cross-oceanic soliton transmission experiment by periodically inserting dispersion compensating fibers. They successfully reduced the GordonHaus effect, which is proportional to the accumulated dispersion.
However, when the dispersion is reduced, the corresponding soliton peak power must be reduced, leading to deterioration of the signal-to-noise ratio. In response, Smith et al. 47 proposed the use of a periodic map using both anomalous dispersion fiber and normal dispersion fiber alternatively, as shown in Fig. 4 .
The nonlinear stationary pulse that propagates in such a fiber has a peak power larger than the soliton that propagates in a fiber with a constant dispersion whose value is given by the averaged valve of the periodic map. Such a nonlinear stationary pulse is commonly called a dispersion managed soliton ͑DMS͒, and is found to exist even when the average dispersion is zero, such that the Gordon-Haus effect is absent. The concept of a dispersion managed soliton has been introduced simultaneously by many authors. 48 Although an ideal soliton solution in such a map does not exist, the existence of the stationary nonlinear pulse ͑DMS͒ can be demonstrated by means of the Lagrangian method introduced in Sec. IV.
B. Dispersion managed soliton
In order to analyze the property of the dispersion managed soliton, let us start from the expression ͑2.5͒. The Lagrangian density corresponding to Eq. ͑2.5͒ is given by To obtain a stationary ͑periodic͒ solution, let us take a dispersion map as shown in Fig. 5 . The inverse pulse width p(Z) and the chirp C(Z) vary as shown in Fig. 6 . The evolution of these parameters in the p -C plane at each position of the map, a, b, c, d and e, is shown in Fig. 7 .
We note that for a linear pulse, the stationary solution appears only when the average dispersion ͗d(Z)͘ is zero and the contours in the p -C plane at e(a) and c completely overlap. That is, the motion from b to d is identical to that from d to b in the next period. However, nonlinearity produces a gap in these two contours because of the nonlinearly induced chirp ͑self-phase modulation͒ shown in Fig. 6 . The gap between points a and c is thus proportional to the nonlinearity. However, the map can repeat itself with a proper combinations of nonlinearity ͓A(zϭ0)͔ and the average dispersion weighted by p 2 ,͗p 2 d͘. 
